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S.1 Notation

We summarize the notation used throughout the paper in the following table.

Table S.1: Summary of Notation

Quantity Description

Tik time-specific unit-specific predictand

;. time-averaged unit-specific predictand

TOk time-specific unit-averaged predictand

T. time-averaged unit-averaged predictand

N set of never-treated units

& set of ever-treated units

Wl or W constraint set imposed in SC construction

Jo number of never-treated units

Ji number of ever-treated units

Q number of units in Q

Yit real GDP per capita of country 4 in year ¢

Y\ a vector of outcomes of never-treated (donor) units

Wit out-of-sample error in decomposition of Yit

QEZ] tuning parameter used to check if the ¢-th constraint is binding
./\/l%] or Mj feasible set for SC weights deduced from optimization
./\/l[é]* or Mg feasible set used for in-sample uncertainty quantification
Al or A centered constraint set

dist(a,.A) distance between a point a and a set A, i.e., infxc 4 ||la — Al
A, e-enlargement of A, i.e., {a: dist(a, A) <&}

| A number of elements in a set A

XiesA; Cartesian product of sets A;’s for i € S

11, - e L1 and L2 vector norms

Smin(A), Smax(A) minimum and maximum singular values of a matrix A
(vj:jeA a vector consisting of all v;’s with j € A

® Kronecker product

subscripts in, out “in-sample”, “out-of-sample”

superscript [i] indicate a quantity is related to a treated unit ¢

lower bar, upper bar “lower bound”, “upper bound”

* indicate a quantity is related to simulation

S.2 Other Strategies for Uncertainty Quantification

S.2.1 Out-of-Sample Error

In Section 4.2 we discuss the approach for quantifying the out-of-sample uncertainty based on the
non-asymptotic bounds. We briefly describe two strategies below.

e Location-scale model. Suppose that uy = Elu|5] + (V[ug|.])?vys with vy statistically inde-
pendent of .77. The bounds on u;; can now be set to M oue = Elui| 7]+ (V]uit| ]) ¢, (o /2)
and Moy = Elug|#] + (V[uit|j‘f])1/2cu(1 — Qout/2) where ¢, (aout/2) and ¢, (1 — aoue/2) are
out/2 and (1 — aoue/2) quantiles of vy, respectively, and oyt is the desired pre-specified level.

e Quantile regression. We can determine the aou/2 and (1 — aout/2) conditional quantiles of



u;t| . Consequently, another possibility is to employ quantile regression methods to estimate
those quantities using pre-treatment data.

S.2.2 Simultaneous Prediction Intervals

Section 4.4 constructs prediction intervals with simultaneous coverage. We briefly describe two
other common approaches below.

e Bonferroni-type correction. There is a large literature on Bonferroni corrections that can be used
to construct multiple prediction intervals with simultaneous coverage. For example, consider a
simple correction strategy: for each k = 0,..., L, use any strategy described in Section 4.2 or
Section S.2.1 to construct a prediction interval for w4y that has a coverage probability at
least 1 — (aout/(L + 1)). Then, the simultaneous coverage probability of the L + 1 prediction
intervals {ik :0 <k < L}is at least 1 — aoyt. Some other more sophisticated corrections are
also available in the literature (see, e.g., Ravishanker et al., 1987). For instance, the second-order
Bonferroni-type bound implies that

L L—-1
Pluicryn) € Ip for all 0 <k < L| ] >1= pr+ > prkst, Wwhere
k=0 k=0

Pk = Puir, ) € Tel ), prasr = Puirsn) € Tiy tirn1) € Lo | 5F).

Then, one can construct the prediction intervals Zj’s with corresponding coverage probabilities
pr and pg 41 such that 1 — Ei:o Pr+ Zé;& Dk k+1 = 1 — oue. Such bounds are usually sharper,
but their implementation requires the modeling of the dependence of (u;t, u;(;11)) conditional on
¢ and is computationally more burdensome.

e Scheffé-type intervals. An alternative approach is to construct Scheffé-type simultaneous predic-
tion intervals, though stronger distributional assumptions need to be made. For instance, assume
that (wir;,--- ,uir,+1)) jointly follows a conditional Gaussian distribution with mean zero and
variance X 4. Then,

-1 l 2
(uiTia T 7ui(Ti+L))E% (uiTiv T 7ui(Ti+L)> ~ XL+1>

where X% 418 x? distribution with L + 1 degrees of freedom. The sequence of prediction inter-

vals 7, = [ — O ik /X%H(l — Qlout), O, kk /X%_H(l — aout)} have the simultaneous coverage

probability at least 1 — aouy, where Uif,kk is the k-th diagonal element of ¥ and X% +1(1 — Qlout)
is the (1 — apyt )-quantile of x? distribution with L + 1 degrees of freedom.

S.2.3 Alternative Bounds for In-sample Error

When the causal predictand of interest depends on treatment effects on multiple treated units,
such as the time-specific unit-averaged predictand 7gy, there is an alternative method for in-sample
uncertainty quantification that may yield tighter prediction intervals. It relies on the fact that if the
SC weights 3l for each ever-treated unit i are obtained through a separate optimization process
using data All, B and ClJ then, as outlined in Remark 1, a sequence of restrictions must be
obeyed: for each i € &,

(8" — 83y QU(B — Bi) — 2(31 — Ay — gi) < 0, B — By € All. (8:2.1)



Then, analogously to (6.5) in the main text, for any predictand 7 defined before, we can set
My (7) = (@in/2)-quantile of inf —pld and
seMy

Min(7) = (1 — @in/2)-quantile of sup —p.d
SeMy

(S.2.2)

conditional on the data, with Mg, = {§ = (6!, ... 81y . gl € Al sl Qlilglil —2(G iy slil <
0, i € &} and G* = (GIY,... GV |Data ~ N(0,%). Again, Al is replaced with its feasible
(enlarged) version Al and 1 — 4l s replaced with the approximating Gaussian vector GlI*.
As a reminder, this strategy is not equivalent to doing in-sample uncertainty quantification for
each time-specific unit-specific prediction 7;; and then combining their bounds together, since the
whole vector G* has the same covariance as 4 = (31, --- ,5/1)")’, thus maintaining the correlation
structure among different treated units.

Technically, the above optimization procedure for constructing SC weights is equivalent to a
special case of (6.1), where the weighting matrix V is block diagonal, taking the form V =
diag(V[l], e ,V[‘h])7 and the feasible set A = W x R is the Cartesian product of All = Wl x R[]
for each subvector B! (hence, there is no cross-treated-unit constraint). The general in-sample
uncertainty quantification strategy presented earlier in (6.5) of the main text relies on the fact that
(B—B0)'Q(B—B0)—2(7—)'(B—Bo) = Licel (BI85 QB -8 —2(311 — 11y (37— < 0
and B —Bo € A = x;ce Al which are immediately implied by (S.2.1). In this sense, the restriction
(S.2.1) is stricter, making the alternative bounds in (S.2.2) tighter (or at least no looser) than those
in (6.5) in the main text. Table S.2 quantifies the gains from this restriction in terms of the length
of the prediction intervals in our leading empirical application.

Table S.2: Achieved reduction in the prediction intervals length with separate optimization.

w Ridge Simplex L1-L2
Predictand M=1 M=2 M=1 M=2 M=1 M=2
" tmwd”ZnFtsig“re 3(a) 16 é%f g% 28] [33 1%%% 68 17 ?3%% 56]  [36 g? ; 332' 64 11 gg gg 92 [37 22'%% 97)
B 4G 142.78 56.54 61.32 61.13 60.41 60.17
[21.08;87.87] [35.36;73.31]  [22.20;93.66] [40.56;81.27]  [15.28:91.55] [42.20;81.02]
Tk, Figure 6(a) 94 06104 24] [94 044 16] [949 ié%a 94 o704 25 (94 705 1] [o4 Sos 41]
Countries Liberalized Before 1987
Touk, Figure 5(a) [76.5??{ %.92] [77‘3{%‘84] [773{%.92} [77.77??%.72] [79.773{ %%‘13] [76‘15?;.%.03]
Countries Liberalized in 1987-1991 .
7k, Figure 5(c) [84.%{ 22.30] [84.%{ 23.94] [85.25?{ 2%544] [8685{ ?3%.54] [84.56){ 21592] [84.35{ %?5.23]
Countries Liberalized After 1991
Toyk, Figure 5(c) [76.573{ E;?5.92] [77.6718;-97%).84] [77.3{%.92] [77.%3{%.72] [79.?3;' 98%.13] [76.1?{%.03]

Notes: For each target predictand we report the median percentage change in the length of the prediction intervals,
whereas in brackets we report the minimum and maximum change, respectively. The reported statistics are computed
across horizons and/or treated units. We computed the percentage change of the prediction intervals without out-of-
sample uncertainty.

Due to the complexity of the feasibility set M, the alternative bounds (S.2.2) may not be the-
oretically justified using the same argument for (6.5) in the main text. However, other techniques,
such as strong approximations, can be employed to establish the validity of (S.2.2), albeit at the



expense of additional technical complexity. We do not pursue further justification of (S.2.2) and
leave it for future research.

S.3 Linear Factor Model Justification

There are different ways to justify the synthetic control method, including the cointegrated system
motivated by our empirical application. In this section, we briefly discuss an alternative justification
that assumes the data are generated through a linear factor model:

Yie(00) = Aepts + Vi, 1<i<N, 1<t<T.

For simplicity, assume that only the first unit is treated, the common factor A; is i.i.d. over
1 <t<T, vgisiid. across 1 < ¢ < Nandover 1 <t < T, and {\ : 1 < ¢ < T} and
{vit : 1 <i < N,1<t<T} are independent of each other. In addition, we assume that E[v;] = 0,
the factor loadings {u; : 1 <1 < N} are fixed, and only the pre-intervention outcomes are used in
the SC construction. Then, 57 = {(Y2:(00), -, Yni(00)) : 1 < ¢ < T}. Accordingly, wy is given
by the following expression:

o1 & / / 2
W0 = argmin - ZEK(M — W) + (V1 — Vt,cw)) ‘%]7
wew 0 t=1

where pt. = (g2, -+, pun) and vy = (vor, -+, vne)’, assuming the expectation (exists and) is finite.
Define .74 = {Ya(00),- -+, Yni(00)}. Then, wy can be further written as

To TO
. 1 1
wo = argmin { — > B (i — pow)? + Elvh]) + W' (= 3 Elpi.v 4] )w
wew 0% 031

To
=2 = i) (7 3B 1A w
t=1

assuming these expectations are finite. Given our assumptions on A\; and vy, we expect that

To To To

1 1 1

T > E[N|A4) ~ B[N, T > Elviovf ) ~ ElviIn-1, and T > E[\v |4 ~0
= t=1 t=1

with high probability when Tj is large, which can be shown under additional moment conditions.
As a consequence, our expression for wy is similar to that in Ferman and Pinto (2021).
Then, the in-sample error for the prediction of the TSUS effect 7 is given by

InErr(11x) = =Y (W — wo),
which represents the error in estimating the weights. The out-of-sample error is given by
OutErr(r1x) = Yi(ry44) — Y;\/'(TI_H.;)WO = V(T +k) — V’%1+k7cwo + (11 — BeWo) AT, 44

The first term vy (7, 4 represents the treated unit’s innovation in the post-treatment period 77 +k;
the second term I/épl +r.cWo represents the weighted average of the innovations for the donor units
in the post-treatment period T + k; and the third term (1 — pl,wo) A\, 4+ can be thought of as the



impact of the “bias” of the SC weights in T} + k, if one thinks the target weight in this context is
the one recovering the true factor loading pq1 of the treated unit. Given the conditions imposed, our
method is still applicable to this scenario, and importantly, the “bias” due to (u1 — p.wo) A, 4k is
taken into account.

S.4 Proofs

S.4.1 Proof of Corollary 1

Proof. We only need to verify the conditions in Theorem 1. The proof is divided into several steps.

Step 0: We first give several useful facts. The SC construction considered in this corollary is a
special case of that considered in Theorem 1, where the weighting matrix is an identity matrix, and
there is only one feature to be matched (GDP per capita) and no additional covariates. As shown
in the main paper, for any 7 € {7, 7i., Tok, 7.. }, the in-sample error can always be expressed as
p.(W — wg). Note that Al and Al are convex in this case, and thus x;csAll and x;cgAll* (for
some set of treated units S) are all convex as well. For any &, define A, = {£ : SUDse M, p.d < Kk},
which is convex by Lemma 2 of Cattaneo et al. (2021). Let dg = JyJ1, and €4, €5, - - - denote some
constant independent of Ty. Throughout this proof, || - || denotes the L2 norm for vectors and the
operator norm for matrices.

Step 1: We want to verify condition (i) in Theorem 1. Without loss of generality, we only
consider the upper bound in this step, and the lower bound follows similarly. So our goal is to
bound [P(y — v € Ax| ) — P(G € Ai|0)|.

Note that by Assumption 1, u; is independent conditional on .. To simplify expressions, assume

in this proof that v = 0, and define 4;; = u; if t <T; —1 and u; = 0if ¢t > T; — 1. So we can write
~ Ty, —1 T ~ -
=R Yivui - 00 Yaune) =30 (L, ® Yar)i where @y = (ug, -+, uye)'-

Applying the Berry-Esseen theorem for convex sets (Rai¢, 2019),

7]

Ty J1
(3 = € Al ) = P(G € A )| < 42(d/* +16)V/ RIS 3P DB Y [ Yo
t=1 =1

Given condition (i) in the corollary, we only need to bound ZtTill Y ar¢]|® and || =Y. First note

that
3 Z ||YNt”3 3/2 Z Z |}/Jt/\/,'ZT0’3
0

t=1 jeN

By Assumption 1, each Y can be understood as a multivariate partial sum process indexed by
t. By strong approximation of partial sum processes (e.g., Lemma 2.2 of Chang et al., 2006),

1/2 > —0.1)< —1
P( max |7y Yan - G/ T 2 Tp ') < &y,

where G(-) is a Jo-dimensional Brownian motion on [0, 1] with the variance E[v;v}]. On the other
hand, it is well known that for each 1 < j < Jp, for any m > 0,

P( max, |Gj(r)| >m) < 2P( max, Gj(r) > m) = 2P(|G;(1)] > m),

where G;(-) is the j-th element of G(-). Using the tail bound for Gaussian distributions, we can



set m = /21log(2J0T0) 02, Where o2, is the largest variance of {v;; : 1 < j < Jo}, which leads to

maxo<,<1 |G;j(r)] < m with probability over . at least 1 — (JoTp)~!. Therefore,

3
7 LS Il < a2 V2 (V2108200 T0) e + Ty ™)
0 t=1

with probability over # at least 1 — Ty ' — €Ty *. In addition, note that T3 Zt Toa1 Y ael]? <

T .
Tig ZtilToJrl(HYNTO 12+ || ZizTg—i—l v,|[?). Then, by the previous result and sub-Gaussianity of vy,

we conclude that with probability at least 1 — €T ! for some constant ¢, > 0,

Ty,

3
Z HYN HS < JS/Q( 12 + & T ~3/2 + Q:S (\/210g 2']0T0) O max +TD_O.1> :
15 t=1

Finally, we consider 3. By assumption in the corollary, smin(2) > nQ. Recall that Q =
diag(QMY, --- , Ql/1]). Again, by strong approximation used previously, with probability over # at
least 1 — QﬁwTo_l,

1Nyt At
YY) G()6(5)
’TQZ NEENET TO; T/ \T,

0 t=1 0

Then, by the condition in the corollary, with probability over J# at least 1—mo—€, T, L smin(Qm) >
%(log To) V5T, ¢ for Ty large enough. For other blocks QU] with j # 1, using the previous results
about the bound on Y, we have with probability 1 — ¢, 75!, QU — Q|| < ¢4(m + 157" 1)2T
Therefore, we can conclude that with probability over .77 at least 1 — mg — &, T , smm(Q) >
(log To)~ 1/5T0 /2 for Ty large enough.

Therefore, we can take 7, = mo + (’:WTo_l and ey, = ¢ (log T())2T071/2 for some non-negative finite
constant €. implied by the previous calculations.

JoTy O (m+ T3,

Step 2: Consider condition (ii) in Theorem 1. We have the following basic inequality hold:
Amin(D7' QD7) 976 < 6Q6 < 2G'5 < 2D G| D3]

where D = diag((T1 — 1)Iny -1, , (T, — I, —1). By condition (ii) imposed in the corollary
and the argument given in Step 1, smin(C‘D}lQ@;l) > (logTp)~'/5/2 and )\max(@;l(f)@%l) <
2(log Ty)'/®, with probability over ¢ at least 1 — m,. Then, by the Gaussian tail bound, we can
take w} = €5(log Tp)*? /Ty, 75 = 7y, and €f = Ty *.

Step 3: Consider condition (iii) in Theorem 1. Given the specific choices of QLZLS and the
argument in Step 2, the conditions in Lemma 1 are satisfied for T large enough, and we can
differentiate the binding and nonbinding constraints with high probability. For each treated unit ¢,
an L1-L2 constraint is imposed on the corresponding SC weights. The set Al then can be written
as All = A:[Li] N Al[f:][, where A:[Lﬂ and Al[f:][ denote the feasibility sets defined by the L1 (simplex)
and L2 (ridge) constraints respectively. Similarly, A in (6.7) for this special case can be written as
Al = EZ[LZ] N 31[11]1 The L1 constraint is linear, and thus by Lemma 1, AM NB(0,w}) C ﬁ[i] For
the L2 constraint, Lemma 1 implies that Al[f:]L N B(0,wys) C {0 : dist(d, Al[ﬂ < ¢(w})?)} for some

constant € > 0. Then, by the specified adjustment for the L2 constraint, condition (iii) holds for



every Al as well as x;csAl*, for S = Q or £. In this case, we can set T\ = Ty and €y = TO_1 +e,y.

Step 4: Finally, consider condition (iv) in Theorem 1. Note that
tr [(2_1/222_1/2 - Idﬂ)2:| < dﬁsmin(z)_QHE - ZJ||2
Since Apin(3) > nAmin(Q) > n(log Tp) /T3 /2, with probability over # at least 1 — 7%, it follows
that 73 = my, € 5 = €55 and € ; = 2/dge5; | (log To)'> /(Tgn).

Given all results above, we finally set 7 = 7, and € = 2¢.(log TO)QTO_I/Q—HL /dges; ; (log To)? ) (Tén)+
6%72 + 3Ty ! Then, the proof is complete. O

S.4.2 Proof of Theorem 1
Proof. Let

0(8) = 8'Qd — 2G'8  with G| ~ N(0,X),
(*(8) = 6'Qé — 2(G*)'8  with G*|Data ~ N(0, ).

Accordingly, define
—x / x or
S :stﬂ>{—l)r‘5:5€A » £ (6)§0}
= sup { —plo: 0 €A, 5] <, () <0},

. = Sup{ —pld:d e A, ||8] <, £(8) < 0}-

The subscript r indicates the quantity is a supremum over a further restricted region for § (due to
the constraint ||d|| < @}). For any o € [0, 1], let ¢z (o) be the ap-quantile of & conditional on J7.
Similarly, define

&= inf{ _plaid e A, 14(8) < o}
gnt = mf{ —ple s e, |8 < @, £(8) < o},

s, =inf{ ~pl5:6 €A, 8] <, 48) <0}

Let ¢, (ap) be the agp-quantile of ¢_ conditional on 7.

Let P; = N(0,X) and P, = N(0,3). By condition (iv), on an event with P-probability at least
1 — 73, with P(:|7)-probability at least 1 — €’ ,, the Kullback-Leibler divergence KIL(P1,P2) <
2(6;71)2, and by Pinsker’s inequality, this implies that for any &’ < k,

IPH(E™ < k) —PHG < k)| <€, and [P({M™ > k) —PH, > )| < €.

On the other hand, note that by condition (iii), on an event with P-probability over % at least
1 — mj, with P(-|¢)-probability at least 1 — €}, the event {¢* < k} implies that

Sup{ —pLé:de A o) <wy, £4(8) < O} Ssup{ —pLd:d e A* 05(d) < 0} <k



and {¢* > '} implies that
: / . * * : / . * * /
mf{—pT(‘}.dEA, 6] < wj, £ (5)§O}me{—pT6.5€A i (5)30}2/{.

Therefore, . .
IP)*(C—* S R) S P*(fént S fi) and P*(S* Z ﬂ/) S ]P)*(Slrnt Z R/).

Then, by definitions of ¢* and ¢*, on an event with P-probability over J# at least 1 — 5 — A, with
P(:|7)-probability at least 1 — €% o — €A, we have

a(T )) < P*<§_r SMin(T)> +€; and

1— /2 < IP*( <M,
1—as/2 S (& 2 Maa(r)) SP (s, 2 Mun(n) +€,1

Also, by condition (ii), we have with P-probability over . at least 1 — 7

(1l —am/2—€ 1) > (1 — /2 - 1 —¢€) and ¢ (ain/2+€)q) < c(oun/2 + €1+ €5)-

Using condition (i) and all results above, we conclude that with P-probability over J# at least

* * *
1—777—71'7—7rA—7r5,

P(Mialr) < —P4(B ~ Bo) < Mia(r)] )
> P(c,(0in/2+ €1) < —P,(B — Bo) < &1~ asa/2 - >\%) —a—eh

> P(c(aun/2+ €5 +6) < —PL (B~ Bo) STl - aw/2— €1 — )| H#) — €y - b
>1—aip— 26} —2€5 — €y — €5 — €A

Finally, by condition (v), we immediately have P(M out(7) < OutErr(7) < Moue(7)) > 1 — atout-
Then the proof is complete. O

S.4.3 Verification of Condition (i) in Theorem 1

As explained in the main paper, by convexity of the constraint set VW x R and the optimality of B,

inf —p.d<-p.(B-Bo)< sup -p.é,
deM5 o deEM5_,

where M5_, = {0 € A: 8'Q6—2(3 —~)'6}. Thus, condition (i) in Theorem 1 indeed requires that
4 —~ can be approximated by a Gaussian vector G. Corollary 1 in the paper provided a verification
of this condition in the special case of cointegrated data. In this section, we provide a more general
way to verify condition (i) by imposing a conditional independence assumption on the pseudo-true
residuals. The extension that allows for weakly dependent errors can be established using the idea
of Theorem A in Cattaneo et al. (2021). For simplicity, we assume that only 7j pre-treatment
periods are used to obtain the weights. Also, we write Uld = (Wit 15+ Ui, ), which is the vector
of pseudo-true residuals corresponding to the treated unit .

Lemma S.1. Assume W and R are convez, ,@ in Equation (6.1) and By in Equation (6.3) exist,

and H# = o(B,C,p;). In addition, for some finite nonnegative constants, the following conditions
hold:

10



(1) wp = (Uie,1, - WL M, s USye1s > Ugye,M) 1S independent over t conditional on J€;
g Ny » i
(ii) P((Z?il E[] Z}tl Zl]\il ZE; (wjeg — E[th,l‘e%p])“g‘,%‘”] > 67(84(d,8/ +16)) 1) > 1 — m, where
i'[fjl] is the ((j — 1)ToM + (I = 1)T + t)-th column of X727/

Then, with P-probability over J at least 1 — 7,
P((c(a0) < ~pH(B — Bo) <E1—ag)l ) = 1~ 200 — ;.

Proof. Define Mg = {6 € A: 6’@5—2{’6}. Fix Q and p,. By Lemma 2 of Cattaneo et al. (2021),
for any x, A, = {€ € R% : SUPse M, —p.d <k} and A, = {€ € R% : infserm, —pr0 > K} are
convex. By Berry-Esseen Theorem for convex sets Rai¢ (2019),

To Ji M
P(7 — 7 € Aul#) — P(G € A #)| < 42(d* +16) > E[[ 3D

t=1 j=11=1

[ 1],

k]

where ;) = uji; — E[uj 1| 7€]. By condition (ii), with P-probability over J# at least 1 — m,,,
Py —v € Ax| ) — P(G € Ai|H)| < e,/2.
Then, for any x, with P-probability over J# at least 1 — 7,
P(—p,(B — Bo) < K|H) > P — € Al ) > P(G € A ) — e /2.
Similarly, we can show for any &,
P(—p,(B — Bo) > k|H) > P(R — v € AL|H) > P(G € AL|H) — e /2.

Therefore, with P-probability over J# at least 1 — 7,

P(c(a0) < —PH(B — Bo) < ¥(1 — ag)|#) = 1~ 200 — ;.

Then the proof is complete. ]

S.4.4 Proof of Lemma 1

Proof. In this proof, the constant € > 0 is a generic constant that is independent of Ty and may
be different in different uses.
Note that m—(8o) = 0 and m<(Bo) < 0. For ¢ := maxi<s<a. SUDBCB(8o,w}) H%msg(ﬂ)H, we

~

have maxi<<q. [m<¢(B) — m<(Bo)| < cwj with P(-|.7)-probability at least 1 — €}, on an event
with P-probability over J# at least 1 — 7. Note that if the /-th inequality constraint is binding,
i.e., m<¢(Bo) = 0, then msg(ﬁ) = %mg7g(6)(a — Bo) for some B between By and B. By the
condition imposed on the tuning parameters g;’s, on an event with P-probability over JZ at least
1 —mj, with P(:|.2)-probability at least 1 — €}, A coincides with the set of indices for the binding
inequality constraints. Without loss of generality, we assume m<(Bp) = 0 hereafter. Otherwise,
the non-binding constraints can be dropped, and the proof can proceed the same way as described
below.
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Define I'_(8) = 8%, m=(B8) and I'<(B) = 6%,m5(ﬁ). Let

0(8) = (TL(8).T%(8).T4(Bo)) . TO=T(), T*=T(B),

where I'c(Bp) is chosen such that I'(8p) is non-degenerate. By conditions (i) and (ii) imposed in
the lemma, ||[T? — T*|| < €||3 — Bo|| with P(-|5#)-probability at least 1 — ¢, on an event with
P-probability at least 1 — 7.
Let ’
m*() = (mL(), mL(), (= Bo) X Tel(Bo)) -
Then, m™(By) = 0. For each 8 in the neighborhood around By such that 8 — By € AN B(0, w}),
define

AT = (1)~ (m*(8) - m* (80)).
Thus, TYAY = 0, F%)\O < 0. Note that by Taylor’s expansion,
[A® = (@) ~'T°(8 - Bo)ll < €l|B - Boll*,

implying that [|[A° — (8 — Bo)|| < €(w})? with P(-|5#)-probability at least 1 — €k, on an event with
P-probability at least 1 — 4.
Next, define m(-) = mt(8 +-) —m*(B) and 8 = ¢* + B for ¢* defined below:
¢* = Thil (F*(AO _ (F*)fl(r* _ FO)AO)>

By Taylor’s expansion,

¢ =11 (0) + | ai,m(o)} T (A= ()71 = TOA%) + e

=A% — ()T = TYA? + Re,

where [|(T*) 71 (T* —=T?) A%+ Re|| < €||A°||2 with P(-|.7#)-probability at least 1—¢€%, on an event with
P-probability over .7 at least 1 —7%. That is, we actually find 8 such that [|(8—8)—X°|| < €(wf)?.
Note that

m*(B+¢") —m*(B) = m(¢") = m(m (I"(A* — ()7 (" = T9A9 ) ).

Thus, m=(3) = 0 and m<(8) < mg(ﬁ), i.e., ¢* € A. This shows that dist(ANB(0, w}), A) < wh
with IP(-|.7)-probability at least 1—€}, on an event with P-probability over . at least 1—n3. Then,
the desired conclusion holds by definition of the e-enlargement 35. Note that when constraints are
linear, 'Y = I'* and the second-order derivative of m™(-) is exactly zero. So the above calculation
implies that B8 — By = Ag = ¢*.

In the above, we make use of the fact that I'* is non-degenerate, i.e., its smallest eigenvalue is
bounded away from zero. Note that by assumptions on the constraints, it is feasible to construct
I'. such that 'V is non-degenerate (with high probability over .#). Then, by Weyl’s inequality,

Smin(r*(r*)/) > Smin(ro(ro)/) - QHB — Boll,

implying Smin(T*) > Smin(I°) — €[|8 — Bo|| > 0 with P(-|5#)-probability at least 1 — €4, on an

12



event with P-probability at least 1 — 7}, where spin(-) here denotes the smallest eigenvalue of the
symmetric matrix inside. Then, the proof is complete. O

S.5 Discussion on Tuning Parameters

S.5.1 Determining Binding Constraints

Our proposed strategy in Section 6.2 for constructing the constraint set in the simulation relies
on the tuning parameters g,’s, which are used to differentiate the binding constraints from the
non-binding ones. The recommended choice described in (6.8) and (6.9) can be rationalized as
follows.

For ease of notation, suppose that there is only one treated unit, and thus we can omit the
superscript [¢] for quantities like ﬁ([)l] or o) with no confusion. Assume the ¢-th constraint m<(B) <
0 is binding (m<¢(Bo) = 0), and m< () is sufficiently smooth. By the mean value theorem,
m< (B)] = |5%m<e(B)(B — Bo)| < ll5m<.(B)2llB — Boll2, where 3 is some point between By

(1]

and B . The parameters g,” are used to characterize this upper bound. For %m§75<6), a natural
“estimator” would be %mg(ﬁ). The difference between the two is bounded by ¢1|8 — B2 for

some constant ¢; > 0 (with high probability). Then, it remains to characterize || 8- Boll2-
Note that the basic inequality below always holds (deterministically) by optimality of 3:

215 — l2/vVTo _ -
Y =l2/vTo  p-1y2

1B = Boll2 < <D —.cTy V2 (S.5.1)

We first discuss the denominator. Recall that Q = Z'VZ. Since an (unrestricted) intercept is often
included in the SC construction, we assume the predictor variables included in Z are de-meaned (and
the constant term is excluded from Z). If V is an identity matrix and the predictor variables are
(approximately) orthogonal to each other, then smin(Q /Tp) is the minimum diagonal entry of Q /To,
i.e., minj<j<z, 32],, which motivates the choice of the denominator in (6.9). On the other hand,
recall that the numerator 4 = Z'u. As discussed in the paper, we can (conditionally) approximate
4 — ~ by the Gaussian vector G. Then, by Gaussian tail bound, it can be shown that, for any
large A > 0, Ty ?|5 — vlloo < (v/2Togdg + A) X \/maxi<j<, V7;72]/To with high probability.
When u is independent of 7 and its components are independent over ¢, maxi<;<.j, V[7;|7]/To =
02 X maxj<;<J, Egj. Therefore, we can set

c_c 2,/d5(\/210gdg —I—)\) maxi<;<.J, ZT\bj&\u

. /\2
MmN <;<Jo O,

for any large A. In most applications, however, the SC weights are sparse due to the simplex- or
lasso-type constraints. It is known from the sparse linear regression literature that the bound C;
can be further improved by replacing the factor \/dg by ¢31/]|Bollo, where ||-[jo denotes the number
of nonzeros in a vector and c3 > 0 is some absolute constant (see, e.g., Wainwright, 2019, Theorem

7.13). Assuming /log Tp > 4v/2c3, we take A = \/logdglogTp/(4c3) and use I18llo as a proxy for
|Bollo, which yields our recommended choice of C given in (6.9):

o \/Hﬁ”o log dg log To maxi<j<.j, O;0u

ming << s, O,

C=0C
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Furthermore, when Egj is roughly the same across j, then Co can be further simplified to

~ IBlologds los Ty 3,

ming <;<j, Ob;

C=0C3

While these choices are only rules of thumb justified under specific assumptions on the data
generating process, they at least have the correct order of magnitude and are valid at least when
Ty is large. For instance, for the cointegrated data considered in our basic setup, it can be shown
that, for sufficiently small ¢4 > 0, ng > ¢4Tp with high probability, and 52 is bounded with high

probability. Therefore, the suggested ¢ based on C has the order of 7} L which is the well-known
rate of convergence for cointegrated regression.

When SC weights are obtained by matching on both stationary and non-stationary features,
the contribution of the stationary components to the concentration of B is negligible. In other
words, the order of magnitude for the bound on ||3 — B||2 is primarily determined by the non-
stationary components. To see this, assume that we match on two features, a non-stationary
B, = (b1, ,bp1) € RT0%Jo and a stationary By = (b12, -+ ,brp,2) € R70xJo - Consider the
basic inequality (S.5.1) again. Q/Tp can be written as T%) S by 1bj | + T%) ST b;ob; o =: I+1L
As explained previously, with high probability, smin(I/70p) is bounded from below by Tp, up to a
sufficiently small constant, whereas II/7j is much smaller—under mild conditions, it is bounded
with high probability. For the numerator (4 — «)/Tp, we can similarly decompose it into a non-
stationary part and a stationary part. By the argument described before, it follows that the
stationary part is much smaller than the non-stationary part, leading to a deviation bound for
B on the order of Tj ! Therefore, we recommend applying the above formulas using the non-
stationary features only in practice.

Finally, as a reminder, other choices of ¢ can be proposed based on a slightly different basic
inequality: |8 — Boll2 < 2|3/l2/$min(Q). It also holds deterministically by optimality of 3. The
denominator is the same as before, but the numerator 4 is not demeaned. When the model is
correctly specified (4 = 0), the numerator may be small; however, when the model is misspecified,
4 is not necessarily small, and it may be characterized by its sample analogue. Thus, we can set

52
_ 2y/dgmaxi<j<y, Oy,

min <<, 0,
2
bju
B (the features of the j-th control unit). However, compared to the alternatives described in the
paper, this bound is generally loose and thus is not recommended.

where o7 is the estimated covariance between the pseudo-true residual u and the j-th column of

S.5.2 Adjustment for Nonlinear Constraints

As described in the main paper, we have an additional adjustment to nonlinear constraints in the
simulation (the second term on the right-hand side of (6.10)). In this section we briefly discuss the
necessity of this adjustment and the justification of the proposed strategy.

S.5.2.1 Necessity of Adjustment

The constraints allowed in this paper is more general than those considered in Cattaneo et al.
(2021). Specifically, condition (T2.iii) in Cattaneo et al. (2021) requires the constraint set used in
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the simulation for in-sample uncertainty quantification be locally equal to the original constraint
set in the synthetic control problem. In the notation of this paper, that condition means that,
with some high probability, A* N B(0,w};) = AN B(0,wj) for some (small) wj-neighborhood of
zero. This is generally true when constraints are formed by linear functions. To see this, suppose
that there are two donor units, an L1 constraint W = {(wy,w2) : |wi| + |wz| < 1} is imposed, and
the pseudo-true value is wo = (1,0). The constraint set A* used in the simulation relies on the
estimated weights w, which are generally close (but not exactly equal) to wg with high probability.
For instance, let w = (0.99,0.01), and applying the suggested strategy described in Section 6.2,
one correctly finds that two linear constraints among those derived from decomposing the original
L1 constraint, w; + we < 1 and w; — wy < 1, are binding. Thus, one defines A* = {(d1,62) :
(61 +0.99) + (62 +0.01) < 0.99+0.01, (01 + 0.99) — (92 + 0.01) < 0.99 — 0.01}, which is exactly the
same as A = W — wy locally around (0, 0).

However, such an exact equality is generally not possible when constraints are formed by nonlinear
functions. Still consider the same example, but an L2 constraint W = {(w1,ws) : w? + w3 < 1}
is imposed instead. Applying the same strategy, one correctly finds that the constraint should
be binding and thus lets A* = {(01,d2) : (01 + 0.99)% + (52 + 0.01)? < 0.99% + 0.01%}, whereas
the (centered) original constraint set is A = {(61,82) : (61 + 1)®> + 62 = 1}. In other words, A
and A* are two “circles” passing through (0,0). Although they are locally close near (0,0), their
boundaries have different tangents at that point, and hence the two sets are not locally identical, no
matter how small the neighborhood B(0,w*) is. In this sense, the results in Cattaneo et al. (2021)
are more applicable to synthetic controls with linear constraints (such as simplex and Lasso). By
contrast, the local approximate equality in condition (iii) of Theorem 1 is much weaker and makes
the results in this paper applicable to more general cases with possibly nonlinear constraints. Given
the fact described above, when there are (binding) nonlinear constraints, we propose to enlarge the
feasibility set defined by nonlinear constraints to satisfy the sufficient condition (iii) of Theorem 1.

S.5.2.2 Enlarging Nonlinear Constraint Sets

In this section we briefly discuss the justification for the adjustment in (6.10). Our strategy is
motivated by the proof of Lemma 1, which characterizes the distance between A N B(0,wj) and
A. For simplicity, assume that there is only one treated unit (so the superscript [i] can be omitted
with no confusion).

Suppose that we only have binding inequality constraints m(8) < 0 (so m(By) = 0), where
m(-) is a d<-vector of sufficiently smooth functions. For any feasible 3 € R% close to By such that
8- By € ANB(0, ),

2

m(B) = m(@) — m(h) = 57 m(Bu) (6~ Po) + 58— o) [ 500

for some point 3 between B and By, where 8%m(3) /0803 is a dgxdgxd< array, with each sheet the

second-order derivative matrix for one constraint function. Thus, (38— Bo)'[0*m(8)/0808')(8— Bo)

is a d<-vector, with each element corresponding to (8—80)'[0?m.(83)/0808')(B—3) for 1 < ¢ < d<.

LetI'g = %m(ﬂo) and T = %m(ﬁ) Assume Ty is invertible in the neighborhood of By. (When

d< < dg, we can complement I'y with additional rows and construct an invertible one, which is
formalized in the proof of Lemma 1). Then,

m(B)| (8 — Bo)

2
Ty m(B) — (8- o) = 3T [(8— o) 5y mlB)(B — )] = £
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It can be shown that A :=T'g 1m(,8) is (approximately) in A. To see this,

~ -~

m(B + A) & m(B) + 5 m(Bo)A = m(B) + (m(B) — m(Bo)) < m(B).

8,8’
This is formalized in the proof of Lemma 1. For the moment, assume A\ € A. Then,

m(B — Bo+ B) — m(B) = m(B+ X —.2) — m(B)
m(B+A) —T0Z — m(B)
.

~ —*(5 Bo) 5277

Q

IN

2
0Bos’

are of smaller order under mild conditions. The above calculation

m(Bo)(8 — Bo).

7))
~

The errors introduced by
implies that any 8 — By € AN B(0,w}) (approximately) belongs to the following adjusted version

of A in (6.7):
2

0Bop’
Then, for each inequality constraint msg(ﬁ +9) < msg(ﬁ), the “adjustment” to the upper bound
is at most

1 ( 0?

5 Smax 0803

Given the high-probability bound g for H,@ — Boll2, we propose the adjustment in (6.10).

[6:m(B+6) <m(B) +5(8— Bo)l 5 =m(Bo)(B o) .

mg,e(ﬂo))”ﬂ — Boli3-

Notes: Our enlargement strategy used to define A* in Section 6.2 can be conceptually understood
as follows. A constraint set A can be generally written as A = ﬂ 1A; for a sequence of convex

sets Aj. Each A; is defined by one inequality. Accordingly, A in (6 7) (with no enlargement) can
be written as A = ﬂ A

Let A] e, be an g;- enlargement of ;4\ We can apply Lemma 1 to each pair of A; and A\j, and
then A; C AJE for an approprlate (small) €;. For any point g € A, g € A; for every j. So

g € A],a Then, g € ﬂ A],s Since it holds for any g, we have A C A* := ﬂ ALEJ The
sufficient condition (iii) i 111 | Theorem 1 holds.
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S.6 Second Order Cone Programming

In this section, we first define three types of convex optimization problems that we will be relying
on (for background knowledge and technical details, see Boyd and Vandenberghe (2004)). Second,
we illustrate the link between these three families of convex problems. Third, we show that the op-
timization problems underlying the prediction/estimation and uncertainty quantification problems
for SC presented in Section 6 of the main text are quadratically constrained quadratic program
(QCQP) and quadratically constrained linear problem (QCLP), respectively, and show how to rep-
resent them as second-order cone program (SOCP). Finally, we provide two examples by showing
how to write the L1-L2-type and Lasso-type constraints in conic form. These approaches are imple-
mented in our companion general-purpose software (Cattaneo, Feng, Palomba and Titiunik, 2025),
where we show that they lead to remarkable speed and scalability improvements.

S.6.1 Families of Convex Optimization Problems

QCQPs and QCLPs. A quadratically constrained quadratic program is an optimization problem
of with the following form

min  x'Pox + q(x + w (S5.6.1)

X
subject to xX'Pjx+q;x+r; <0, j=1,...,m, (Quadratic inequality constraint)
Fx=g, (Linear equality constraint)

where Po,Py,..., Py € Muxn(R), 9o,q1,...,9m € R", x € R", F € M;,,xn(R), g € R™, and
70,71,..-,Tm,w € R. If all the matrices Py, P1,...,P,, are positive semi-definite the QCQP is
convex. Moreover, if Py = 0 the QCQP becomes a QCLP. For this reason, in what follows we will
restrict our attention to QCQPs as they naturally embed QCLPs.

SOCPs. To define a SOCP, it is necessary to first give the definition of a second-order cone and
then introduce the notion of associated generalized inequality.

Second-order cone definition. A set C is called a cone if for every x € C and a > 0 we have
ax € C. A set C is a convex cone if it is convex and a cone, i.e. if Vx1,x9 € C,and Va1,a9 > 0, we
have

a1X1 + axs € C.
Now, consider any norm || - || defined on the Euclidean space R". The norm cone associated with
the norm || - || is defined to be the set
C={(x1teR":|x|| <t}

and it is a convex cone by the standard properties of the norms. A second-order cone is the
associated norm cone for the Euclidean norm and it is typically defined as

(e il < = {[F ][ X [§ Q] [¥]<0.e20)

Generalized inequality. A cone C is solid if it has non-empty interior and it is pointed if
x € C,—x € C implies that x = 0. We say that a cone C is proper if is it convex, closed, solid, and
pointed. Proper cones in the Euclidean space R™ are useful because they induce a partial ordering
that enjoys almost all the properties of the basic one in R. Therefore, given a cone C C R", we can
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define the generalized inequality <¢ for any two vectors x,y € R”
X3¢y < y—x€C.

From this definition we can see that quadratic constraints such as ||x||2 < h can be re-written as
second-order cone constraints of the form x =¢ h for some second-order cone C. Note that if C = R"
then if m = 1, <¢ is the standard inequality < in R, whereas if m > 1, <¢ is the component-wise
inequality in R™.

Second-order cone program. Let K be a cone such that K = R x K1 x Ko x -+ x Kf, where
Ki = {(ko, k1) € Rx R :|[ky||o < ko},l =1,..., L. Let <x be the generalized inequality associated
with the cone L. An optimization problem is called second-order cone program if it has the following
form

min c'x, (5.6.2)

X
subject to Gx =k h, (Second-order cone constraint)
Ax =b. (Linear equality constraint)

S.6.2 Link Between QCQP and SOCPs

Any QCQP can be converted to a SOCP (Boyd and Vandenberghe, 2004). In other words, we can
always rewrite an optimization problem such as (S.6.1) in the form of (S.6.2). First, we present
the general result and then we explain all the necessary steps to reformulate QCQPs as SOCPs.
Without loss of generality, assume that w = 0 in (S.6.1) and, to ease notation, let m = 1 so that
there is only a single quadratic inequality constraint. Moreover, given any positive semi-definite
matrix P, let P1/2 be the square root of P, that is the unique symmetric positive semi-definite
matrix R such that RR = R'R = P. Then for any QCQP the following two formulations are
equivalent

QCQP SOoCP

min x'Pox + qpx valtns v+ qpx

subject to Fx =g, subject to Fx =g,
x'Pix+qpx+ 71 <0. t+dix 471 <R, 0,

1/2
Py "x 2k, v,

1/2
P/""x 2Kk, s

We can see that the logic beneath the conversion of a QCQP into a SOCP is to “linearize” all the
non-linear terms appearing either in the objective function or in the inequality constraints. The
“linearization” step does come at a cost, as it requires the introduction of a slack variable every
time we rely on it. Indeed, above we linearized the objective function and the quadratic inequality
constraint by introducing two auxiliary slack variables.

More formally, let x’Px be a symmetric positive semi-definite quadratic form and consider the
constraint x’Px < y. Then

(i) Since P is symmetric positive semi-definite the epigraph x’Px < y is a convex set and pl/2
is well-defined.

18



(ii) Write the inequality constraint as a constraint involving the Euclidean norm || - ||2

y > x'Px = x'P/?P1/2x = ||P'/?x||2.
(iii) Note that
1—
IPY2x|2 <y <= H [ 2P1/§/X ]HQ <1l+y, (S.6.3)

which can be verified by squaring the two sides of the last inequality and expand the norm.

(iv) More is true, as the right-most inequality in (S.6.3) defines the following second-order cone
for given P1/2

1_

which in turn induces the generalized inequality PY/2x < .

S.6.3 Specific Synthetic Control Problems as SOCPs

We illustrate the approach described above for the L1-L2 constraint and the Lasso constraint. To
ease notation, we do not consider the regularization to the local geometry of A. Note that simplex,
ridge, or least squares are particular cases of L1-L2. Throughout this section, we assume that
T, =Ty for all 1 € £.

L1-L2-type W. Consider first the prediction/estimation SC optimization problem, which relies
on the following program:

min (A — Bw — Cr)'V(A — Bw — Cr) (S.6.4

w,r
subject to Wl =1, i=1,...,J1, (L1 equality constraints

Wi, <@, i=1,..., 4, (L2 inequality constraints

~— ~— ~—

w > 0, (non-negativity constraint

where, as always, > is understood as a component-wise inequality for vectors (w € RJO'Jl). First,
notice that the non-convex constraints ||wl||; = 1, = 1,...,.J; can be replaced with the convex
constraints 1'wlil = 1,5 =1,..., J; because of the non-negativity constraint on the elements of w.
Then, we can cast (S.6.4) as a SOCP as follows

min v
worw{si}L
subject to  1'wll =1, (L1 equality constraints)
—-w = 0, (cone in R701)
2v1/2<A1—_1§w —Cr) | Fe (cone in R>*T)
si e, QU i=1,...,J1, (J1 cones in R)
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[ 12;,[31 } =c, 1+si, 1=1,...,J1, (J1 cones in R?*70)

where I = C; x Cy X C:;)]l X C;{l = Rio"]l X K1 X ]R;]rl ><IC§(1)Jr1 is the conic constraint for this
program.

For uncertainty quantification, we need to solve the optimization problem underlying (6.5) in the
main text. We discuss the lower bound only. Recalling that 8 = (w’,r’)’, we have

ginf P, (8- B) (5.6.5)
subject to Wl =1, i=1,...,J1, (L1 equality constraints)
]\w[i]||2 <@, i=1,..., 5, (L2 inequality constraints)

w >0, (non-negativity constraint)
(B-8)Q(B—B)—2(G* (8- 8)<0. (constrained least squares)

We can cast the SC optimization problem in (S.6.5) in conic form as follows:

min  p’g

w,r,{si};’il,t

subject to Uwll =1, i=1,...,J;, (L1 equality constraints)
t+a'B+ f=e 0, (cone in R)
-w =¢, 0, (cone in RJU'Jl)
Si 503 Q[’L]a 1= 17"'7J17 (Jl cones in R)

1—s; . .
[ Qw[f]Z } =e, L+, 1=1,...,J1, (J1 cones in R?*70)
1—1t . .

[ 2Q1/24 } =cs 1+, (cone in RZ+(JotKM)-Ju)

Jo-J J J . . .
where K = C1 XxCy xC3xCy xCs = Ry x R x Ry xlClerO X K14 (Jo4 K M-, 18 the conic constraint

for this program, a = —2(’Q,§ +G*), and f = B'QB + 2G*.

Lasso-type W. We show how to write the QCQP as a SOCP when W has a lasso-type constraint.
In this case, the SC weight construction (3.1) has the form:

min (A — Bw — Cr)'V(A — Bw — Cr) (S.6.6)
w,r
subject to  [|wll||; <1, i=1,...,J.. (L1 inequality constraints)

We can write the optimization problem in (S.6.6) as a SOCP of the following form

min v
J
W,I‘7{Z7;},L-i1 U

1—w

: : 24+To-M-J1
subject to 2V1/2(A — Bw — Cr) =c 1+, (cone in R )
1z, Z¢, 1, i=1,...,J1, (J1 cones in R)
- w =, z, (cone in R70/1)
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w =¢, Z, (cone in R7071)

where K = C; X C‘2]1 X Cg x Cq = Kiy1y-0.0, X Rf xRiO'Jl X Rio"]l is the conic constraint for this
program and z := (z},...,27, )"

For uncertainty quantification, we need to solve the optimization problem underlying (6.5) in the
main text. Here we discuss the lower bound only for brevity. Recalling that 3 = (w’, 1), we have

inf  p.(B-B S.6.7
ot ( ) (5.6.7)
subject to  |[wl||, <1, i=1,...,J1, (L1 inequality constraints)
(B-B)Q(B - B)—2(G*(B-p8)<0. (constrained least squares)

We can cast the SC optimization problem in (S.6.7) in conic form as follows:

min p.3
wor{z;}2, t
subject to t+a'B+ f =<¢, 0, (cone in R)
1zl =c, 1, i=1,...,J1, (J1 cones in R)
— W =¢; Z, (cone in R701)
w =¢, 2, (cone in R70/1)
[ 2Q128 } <oy L+, (come in R HEAD-D)

where K = C; X Céh X C3 X Cqy xC5 = Ry X ]Ril xRiO'Jl X Ri“"h X K14 (Jo+KM)-7, 18 the conic
constraint for this program, a = —2(’Q,§ +G*), and f = B'QAB + 2G*B.

21



S.7 Data Preparation and Software Implementation

In this section, we first describe the variables in the Billmeier and Nannicini (2013) (BN, henceforth)
dataset and then go through the details of our empirical specification.

S.7.1 Data Description

The original BN dataset contains data on some economic and political variables for 180 countries,
over a period of time spanning from 1960 to 2005.' In detail, the variables available in the dataset
are:

e real GDP per capita in 2002 US dollars.

e enrollment rate in secondary schooling.

e population growth.

e yearly inflation rate.

e the investment ratio (the investment of a country as a percentage of GDP).

e an indicator that captures whether the country is a democracy (1) or not (0).

e an indicator that captures whether the economy of the country is considered closed (0) or
not (1) as developed in Sachs, Warner, Aslund and Fischer (1995) (henceforth, Sachs-Warner
indicator). In particular, the indicator takes value 0 if any of the following conditions is
verified:

1) the average tariff is above 40%;

)
)
)
)

i1) non-tariff barriers are imposed on a volume of imports larger than 40%;

iii) the country has a socialist economic system;

iv) the exchange rate black market premium is above 20%;

v) state monopolies control most of the country exports.

Despite having six candidate variables to match on, we end up matching on at most two variables
because of missing data. Specifically, we always match on real GDP per-capita, whereas in the
robustness exercise in Supplemental Appendix S.8 we also match on investment-to-GDP ratio.

A second difference of our final dataset from the original one used in BN is the final pool of
countries - treated and donors - on which we conduct the analysis. In particular, we adopt the
following criteria to select the countries to be included in our final dataset as either donors or
treated units:

1. We restrict the analysis to countries in Sub-Saharan Africa. We define this group by excluding
from the analysis North African countries according to the United Nations (UN) classifica-
tion (Algeria, Egypt, Libya, Morocco, Sudan, Tunisia, and Western Sahara) as well as any
additional country that is not covered by the UN classification but is a member of the Arab
League (Djibouti, Mauritania, Somalia).

We downloaded the dataset from the Harvard Dataverse at https://dataverse.harvard.edu/dataset.xhtml?
persistentId=doi:10.7910/DVN/28699.

22


https://dataverse.harvard.edu/dataset.xhtml?persistentId=doi:10.7910/DVN/28699
https://dataverse.harvard.edu/dataset.xhtml?persistentId=doi:10.7910/DVN/28699

2. As in Bratton and Van de Walle (1997), we exclude Namibia because the Sachs-Werner
indicator is missing for such a country.

Table S.3 shows the final set of countries we select, together with their treatment date.

Table S.3: List of all countries included in our analysis

Angola 00 Lesotho 00
Benin 1990 Madagascar 1996
Botswana 1979 Malawi )
Burkina Faso 1998 Mali 1988
Burundi 1999 Mauritius 1968
Cabo Verde 1991 Mozambique 1995
Cameroon 1993 Niger 1994
Chad 00 Nigeria o0
Congo 00 Rwanda o0
Ethiopia 1996 Senegal 00
Gabon 00 Sierra Leone oo
Gambia 1985 South Africa 1991
Ghana 1985 Tanzania 1995
Guinea 1986 Togo )
Guinea-Bissau 1987 Uganda 1988
Ivory Coast 1994 Zambia 1993
Kenya 1993 Zimbabwe o0

Notes: oo denotes that a country has never experienced liberalization during the observed time span.

S.7.2 Implementation Details

In this section, we describe all the details of the empirical application presented in the main text.

Constraint type. Our preferred specification uses the L1-L2 constraint, i.e.,

J1
Witz = X {wll € R : [[wil||y = 1,[|wh]l; < Q]
=1

whereas the results in the Supplemental Appendix Section S.8.2 and S.8.1 use simplex- and Ridge-
type constraints of the form

I i
Ws = X {w[i] € Rio : HWMHI = 1}, Wa = X {W[i] c R . Hw[i]H2 < Q[i]}.
i=1 i=1
Table S.4 shows the effective values for QUi = 1,..., J; that we compute in our empirical applica-

tion. Further below we explain in greater detail how these regularization parameters are computed
in practice.

Selected features. Our main specification uses only one feature (M = 1)-the logarithm of real
GDP per-capita—, uses the identify weighting matrix, and includes a constant term, that is

Bl =[Y; - Yy], Cil=1;, R=R" V=1, i=1,..J,

where Y; = (Yj1,...,Yn),j = 1,...,Jo is the pre-treatment log-GDP per-capita of the j-th
donor, 17, is a T; x 1 vector of ones, and Iy, is the T; x T; identify matrix.
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In Supplemental Appendix Section S.8.3, we present results using two features (M = 2), where
we also match on the investment-to-GDP ratio and control for a feature-specific constant term and
linear trend, i.e.

sl o

1
Y, - Yy L2 )
o sih

i _ 1 : i _ _ 2 i _
BI= [ ] =] T| m=m V[]_[

], i=1,...,J1,
1T

where IR; = (IRj1,...,IRj1;,),j = 1,...,Jo is the pre-treatment investment-to-GDP ratio of the

j-th donor, SY = diag(dy},..., vk ), Shk = diag(374 1,074 1), with
1 Jo 1/2 1 Jo
Gwi = Wi — Wy)? Wi=—> Wy, t=1,....,T,, Wel{Y.IR
oWt JO_I;( Jt t) ) t JO; Nz ; s Ly E{ ) }a

and diag(x) yields a square diagonal matrix with the elements of x on its main diagonal.

Tuning parameters. Regarding the choice of Ql), it is well-established that the Ridge regression
problem can be equivalently expressed both as an unconstrained penalized optimization problem
and as a constrained optimization problem. For simplicity, assume C is not included and M = 1.
The two Ridge-type optimization formulations are as follows:

Wl = arg I[I]lin (Al — BUwlY VI (Al — BUEwlily 4 Al w2,
wltlew

where A > 0 is a regularization parameter, and

wll = arg min (Al — Bllwllyvil(All — Blilwll),
wlilew,||wlil|2<(Qlil)?

where Ql!! > 0 is an explicit upper bound on the norm of wlil. Under the assumption of Gaussian
errors, an optimal choice of the regularization parameter A for risk minimization, as suggested by
Hoerl et al. (1975), is:
=[] 2
A — JO(UOLS)
1961513
where (Eg]LS)Q and V/‘\’@Ls are the estimates of the residual variance and the coefficients from the
ordinary least squares (OLS) regression of Al onto Bl respectively. Given the two optimization
problems above, there exists a one-to-one correspondence between A and QY. For example,

assuming the columns of B! are orthonormal, the closed-form solution for the Ridge estimator is:
#0 (Afl

and if the constraint on the fo-norm is active, we have QU = ||[wll||, = ngLSHQ/(l + A1), When

more than one feature is considered (i.e., M > 1), we compute the constraint size Qgﬂ for each
feature £ = 1,..., M, and then choose Q! as the most restrictive constraint to promote shrinkage
of wli:



Table S.4: Pre-treatment length and values of the reqularization parameters Qi =1,... J;.

Treated Unit QU m=1 QU M=2 Ti | 7]
Benin 2.041 0.699 1963 - 1989 27
Botswana 2.119 0.771 1963 - 1978 16
Cabo Verde 0.877 0.5 1963 - 1990 28
Cameroon 2.336 0.786 1963 - 1992 30
Gambia 1.401 1.035 1963 - 1984 22
Ghana 0.858 0.972 1963 - 1984 22
Guinea 0.591 0.65 1963 - 1985 23
Guinea-Bissau 0.942 0.718 1963 - 1986 24
Ivory Coast 1.212 0.838 1963 - 1993 31
Kenya 0.959 0.569 1963 - 1992 30
Mali 1.445 0.65 1963 - 1987 25
Mauritius 1.705 1.145 1963 - 1967 5
Niger 2.252 1.793 1963 - 1993 31
South Africa 1.169 0.5 1963 - 1990 28
Uganda 1.797 0.5 1963 - 1987 25
Zambia 2.554 0.5 1963 - 1992 30

Notes: the rule of thumb to compute Q[ is the same for L1-L2 and Ridge. Moreover, the values for QU
reported are the ones obtained when predicting 7;; and 7;. which are identical by construction. Finally, QL
is lower-bounded at 0.5 to avoid excessive shrinkage. More details on the rules of thumb used can be found
in Cattaneo, Feng, Palomba and Titiunik (2025), Section 3.1.

In-sample Uncertainty. In order to quantify the in-sample uncertainty from estimating the SC
weights, we need to construct the bounds M;, and M;, on p’T(B — Bo). The following strategy
is adopted. First, we treat the synthetic control weights as possibly misspecified, thus estimating
both the first and second conditional moments of the pseudo-true residuals u. The conditional
first moment E[u | 7] is estimated feature-by-feature using a linear-in-parameters regression of the
residual U = A — Bw — Cr on B and the first lag of B, whereas the conditional second moment
V[u| #] is estimated with an HC1-type estimator. We then draw S = 200 i.i.d. random vectors
from the Gaussian distribution N(O, i), conditional on the data, to simulate the criterion func-
tion f?s) (B—0Bo) = (8- ﬁo)’Q(ﬁ - Bo) — 2G’(s)(ﬁ —Bo), s = 1,...,200, and solve the following

optimization problems

lig) == inf (8- and U(g) = su "B - )
(s) pmf . P (B — Bo) (s) ,B—BogA*, P (8 — Bo)
£{5)(B=B0)<0 02, (B=B0)<0

where A* is constructed as explained in Section 6.1. Finally, M i, is the (ay /2) —quantile of {l(s)}le
and Mj, is the (1 — a1 /2)—quantile of {u(s)}s

o_1, where a1 is set to 0.05.

Out-of-sample Uncertainty. In order to quantify the out-of-sample uncertainty from the stochas-
tic error in the post-treatment period, we need to construct the bounds Moy and Moy, on the
out-of-sample error e, (associated with the 7 prediction). We employ the non-asymptotic bounds
described in (6.6), assuming that e, — Ele,|.7#] is sub-Gaussian conditional on .. Then, we take

Mouy := Ele,|#] — /202, log(2/az) and  Mou := Ele,|#] + /202, log(2/az),
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We set ap = 0.05, and the conditional mean Ele;|.7’] and the sub-Gaussian parameter o are
parametrized and estimated by a linear-in-parameters regression of the pre-treatment residuals on
B.

Finally, the prediction intervals for the counterfactual outcome and the treatment effect of interest
are given by

[p;ﬁ _Min+Mout; pfn@_Min +Mout] and ['/7_\+Min _Mout§ 7/:+Min_Mout] 5
respectively.
Other assumptions. Throughout all our specifications, we maintain the assumptions that (7)

there is no anticipation of the treatment and (#7) A and B form a cointegrated system. When (7)
is relaxed to allow for anticipation results remain qualitatively the same.
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S.8 Robustness Checks

In this Section, we redo the empirical analysis presented in the main paper with five variations: (i)
using a simplex-type constraint in place of the L1-L2 constraint (Section S.8.1); (4¢) using a Ridge-
type constraint in place of the L1-L2 constraint (Section S.8.2; (7i) using the investment-to-GDP
ratio as an additional feature (Section S.8.3); (iv) using a placebo treatment date (Section S.8.4;
and (v) leaving one donor out at the time (Section S.8.5).
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S.8.1 Ridge-Type Constraint

TSUS predicted effects in every period after liberalization (1;z).

Figure S.1: Time-specific unit-specific (TSUS) predicted effects in every period, T;.
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Notes: Panel (a): TSUS prediction for every country in each of five periods after treatment. Blue bars report 90%
prediction intervals. In-sample uncertainty is quantified using 200 simulations, whereas out-of-sample uncertainty is
quantified using sub-Gaussian bounds. Panel (b): each dot represents the weight that the donor (row) gets in forming
the synthetic control for the treated unit (column). When there is no dot, it means that the unit was not part of the
donor pool for the treated unit in question.
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TAUS predicted effects, averaged over five vears (7;.).

Figure S.2: Time-averaged unit-specific (TAUS) predicted effects, averaged over five years, 7;..
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Notes: Panel (a): TAUS prediction for every country averaged over the five periods following treatment (up to the
year 2000). Blue bars report 90% prediction intervals. In-sample uncertainty is quantified using 200 simulations,
whereas out-of-sample uncertainty is quantified using sub-Gaussian bounds. Panel (b): each dot represents the weight
that the donor (row) gets in forming the synthetic control for the treated unit (column). When there is no dot, it
means that the unit was not part of the donor pool for the treated unit in question.
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TSUA predicted effects, averaged over countries that liberalized in each of three waves: before

1987, between 1987 and 1991, and after 1991 (70,x, TQuk. TQ4k)-

Figure S.3: Time-specific unit-averaged (TSUA) predicted effects in each period, averaged over three groups
of countries.
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Notes: TSUA prediction in every period after treatment (up to five years), averaged over all countries that liberalized
in each of three waves: before 1987 (Botswana, Gambia, Ghana, and Guinea), between 1987 and 1991 (Benin, Cabo
Verde, Guinea-Bissau, Mali, South Africa, and Uganda), and after 1991 (Burkina Faso, Burundi, Cameroon, Ethiopia,
Ivory Coast, Mozambique, Niger, Tanzania, and Zambia). Blue bars report 90% prediction intervals, whereas blue-
shaded areas report 90% simultaneous prediction intervals. In-sample uncertainty is quantified using 200 simulations,
whereas out-of-sample uncertainty is quantified using sub-Gaussian bounds. Panel (b): each dot represents the weight
that the donor (row) gets in forming the synthetic control for the treated unit (column). When there is no dot, it
means that the unit was not part of the donor pool for the treated unit in question.
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TSUA predicted effects, averaged over all liberalized countries (7eg).

Figure S.4: Time-specific unit-averaged (TSUA) predicted effect, averaged over all treated units, Te.
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Notes: Panel (a): TSUA prediction in every period after treatment averaged over all the treated countries. Blue bars
report 90% prediction intervals, whereas blue-shaded areas report 90% simultaneous prediction intervals. In-sample
uncertainty is quantified using 200 simulations, whereas out-of-sample uncertainty is quantified using sub-Gaussian
bounds. Panel (b): each dot represents the weight that the donor (row) gets in forming the synthetic control for the
treated unit (column). When there is no dot, it means that the unit was not part of the donor pool for the treated
unit in question.
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S.8.2 Simplex-Type Constraint

TSUS predicted effects in every period after liberalization (1;z).

Figure S.5:

Time-specific unit-specific (TSUS) predicted effects in every period, Ti.
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Notes: Panel (a): TSUS prediction for every country in each of five periods after treatment. Blue bars report 90%
prediction intervals. In-sample uncertainty is quantified using 200 simulations, whereas out-of-sample uncertainty is
quantified using sub-Gaussian bounds. Panel (b): each dot represents the weight that the donor (row) gets in forming
the synthetic control for the treated unit (column). When there is no dot, it means that the unit was not part of the
donor pool for the treated unit in question.
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TAUS predicted effects, averaged over five vears (7;.).

Figure S.6: Time-averaged unit-specific (TAUS) predicted effects, averaged over five years, 7;..
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Notes: Panel (a): TAUS prediction for every country averaged over the five periods following treatment (up to the
In-sample uncertainty is quantified using 200 simulations,
whereas out-of-sample uncertainty is quantified using sub-Gaussian bounds. Panel (b): each dot represents the weight
that the donor (row) gets in forming the synthetic control for the treated unit (column). When there is no dot, it

year 2000).
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Blue bars report 90% prediction intervals.

means that the unit was not part of the donor pool for the treated unit in question.
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TSUA predicted effects, averaged over countries that liberalized in each of three waves: before

1987, between 1987 and 1991, and after 1991 (7o, &, TQuk. TQsk)-

Figure S.7: Time-specific unit-averaged (TSUA) predicted effects in each period, averaged over three groups
of countries.
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Notes: TSUA prediction in every period after treatment (up to five years), averaged over all countries that liberalized
in each of three waves: before 1987 (Botswana, Gambia, Ghana, and Guinea), between 1987 and 1991 (Benin, Cabo
Verde, Guinea-Bissau, Mali, South Africa, and Uganda), and after 1991 (Burkina Faso, Burundi, Cameroon, Ethiopia,
Ivory Coast, Mozambique, Niger, Tanzania, and Zambia). Blue bars report 90% prediction intervals, whereas blue-
shaded areas report 90% simultaneous prediction intervals. In-sample uncertainty is quantified using 200 simulations,
whereas out-of-sample uncertainty is quantified using sub-Gaussian bounds. Panel (b): each dot represents the weight
that the donor (row) gets in forming the synthetic control for the treated unit (column). When there is no dot, it
means that the unit was not part of the donor pool for the treated unit in question.
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TSUA predicted effects, averaged over all liberalized countries (7eg).

Figure S.8: Time-specific unit-averaged (TSUA) predicted effect, averaged over all treated units, Te.
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Notes: Panel (a): TSUA prediction in every period after treatment averaged over all the treated countries. Blue bars
report 90% prediction intervals, whereas blue-shaded areas report 90% simultaneous prediction intervals. In-sample
uncertainty is quantified using 200 simulations, whereas out-of-sample uncertainty is quantified using sub-Gaussian
bounds. Panel (b): each dot represents the weight that the donor (row) gets in forming the synthetic control for the
treated unit (column). When there is no dot, it means that the unit was not part of the donor pool for the treated
unit in question.

35



S.8.3 Multiple Features

TSUS predicted effects in every period after liberalization (1;z).

Figure S.9: Time-specific unit-specific (TSUS) predicted effects in every period, T;.
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Notes: Panel (a): TSUS prediction for every country in each of five periods after treatment. Blue bars report 90%
prediction intervals. In-sample uncertainty is quantified using 200 simulations, whereas out-of-sample uncertainty is
quantified using sub-Gaussian bounds. Panel (b): each dot represents the weight that the donor (row) gets in forming
the synthetic control for the treated unit (column). When there is no dot, it means that the unit was not part of the
donor pool for the treated unit in question.




TAUS predicted effects, averaged over five vears (7;.).

Figure S.10: Time-averaged unit-specific (TAUS) predicted effects, averaged over five years, ;..
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Notes: Panel (a): TAUS prediction for every country averaged over the five periods following treatment (up to the
year 2000). Blue bars report 90% prediction intervals. In-sample uncertainty is quantified using 200 simulations,
whereas out-of-sample uncertainty is quantified using sub-Gaussian bounds. Panel (b): each dot represents the weight
that the donor (row) gets in forming the synthetic control for the treated unit (column). When there is no dot, it
means that the unit was not part of the donor pool for the treated unit in question.
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TSUA predicted effects, averaged over countries that liberalized in each of three waves:

before

1987, between 1987 and 1991, and after 1991 (7o, &, TQuk. TQsk)-

Figure S.11:

Time-specific unit-averaged (TSUA) predicted effects in each period, averaged over three

groups of countries.
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Notes: TSUA prediction in every period after treatment (up to five years), averaged over all countries that liberalized
in each of three waves: before 1987 (Botswana, Gambia, Ghana, and Guinea), between 1987 and 1991 (Benin, Cabo
Verde, Guinea-Bissau, Mali, South Africa, and Uganda), and after 1991 (Burkina Faso, Burundi, Cameroon, Ethiopia,
Ivory Coast, Mozambique, Niger, Tanzania, and Zambia). Blue bars report 90% prediction intervals, whereas blue-
shaded areas report 90% simultaneous prediction intervals. In-sample uncertainty is quantified using 200 simulations,
whereas out-of-sample uncertainty is quantified using sub-Gaussian bounds. Panel (b): each dot represents the weight
that the donor (row) gets in forming the synthetic control for the treated unit (column). When there is no dot, it
means that the unit was not part of the donor pool for the treated unit in question.
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TSUA predicted effects, averaged over all liberalized countries (7eg).

Figure S.12: Time-specific unit-averaged (TSUA) predicted effect, averaged over all treated units, Tgy,.
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Notes: Panel (a): TSUA prediction in every period after treatment averaged over all the treated countries. Blue bars
report 90% prediction intervals, whereas blue-shaded areas report 90% simultaneous prediction intervals. In-sample
uncertainty is quantified using 200 simulations, whereas out-of-sample uncertainty is quantified using sub-Gaussian
bounds. Panel (b): each dot represents the weight that the donor (row) gets in forming the synthetic control for the
treated unit (column). When there is no dot, it means that the unit was not part of the donor pool for the treated
unit in question.
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S.8.4 Placebo Treatment Date

In this exercise, we set T, = T; — 11 and conduct the same exercise as in the main text.
TSUS predicted effects in every period after liberalization (7;z).

Figure S.13: Time-specific unit-specific (TSUS) predicted effects in every period, T;.
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Notes: Panel (a): TSUS prediction for every country in each of five periods after treatment. Blue bars report 90%
prediction intervals. In-sample uncertainty is quantified using 200 simulations, whereas out-of-sample uncertainty is
quantified using sub-Gaussian bounds. Panel (b): each dot represents the weight that the donor (row) gets in forming
the synthetic control for the treated unit (column). When there is no dot, it means that the unit was not part of the

(b) @l icgjeN

donor pool for the treated unit in question.
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TAUS predicted effects, averaged over five vears (7;.).

Figure S.14: Time-averaged unit-specific (TAUS) predicted effects, averaged over five years, ;..
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Notes: Panel (a): TAUS prediction for every country averaged over the five periods following treatment (up to the
year 2000). Blue bars report 90% prediction intervals. In-sample uncertainty is quantified using 200 simulations,
whereas out-of-sample uncertainty is quantified using sub-Gaussian bounds. Panel (b): each dot represents the weight
that the donor (row) gets in forming the synthetic control for the treated unit (column). When there is no dot, it
means that the unit was not part of the donor pool for the treated unit in question.
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TSUA predicted effects, averaged over countries that liberalized in each of three waves: before

1987, between 1987 and 1991, and after 1991 (70,x, TQuk. TQ4k)-

Figure S.15:

Time-specific unit-averaged (TSUA) predicted effects in each period, averaged over three

groups of countries.
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Notes: TSUA prediction in every period after treatment (up to five years), averaged over all countries that liberalized
in each of three waves: before 1987 (Botswana, Gambia, Ghana, and Guinea), between 1987 and 1991 (Benin, Cabo
Verde, Guinea-Bissau, Mali, South Africa, and Uganda), and after 1991 (Burkina Faso, Burundi, Cameroon, Ethiopia,
Ivory Coast, Mozambique, Niger, Tanzania, and Zambia). Blue bars report 90% prediction intervals, whereas blue-
shaded areas report 90% simultaneous prediction intervals. In-sample uncertainty is quantified using 200 simulations,
whereas out-of-sample uncertainty is quantified using sub-Gaussian bounds. Panel (b): each dot represents the weight
that the donor (row) gets in forming the synthetic control for the treated unit (column). When there is no dot, it
means that the unit was not part of the donor pool for the treated unit in question.
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TSUA predicted effects, averaged over all liberalized countries (7eg).

Figure S.16: Time-specific unit-averaged (TSUA) predicted effect, averaged over all treated units,
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Notes: Panel (a): TSUA prediction in every period after treatment averaged over all the treated countries. Blue bars
report 90% prediction intervals, whereas blue-shaded areas report 90% simultaneous prediction intervals. In-sample
uncertainty is quantified using 200 simulations, whereas out-of-sample uncertainty is quantified using sub-Gaussian
bounds. Panel (b): each dot represents the weight that the donor (row) gets in forming the synthetic control for the
treated unit (column). When there is no dot, it means that the unit was not part of the donor pool for the treated

unit in question.
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S.8.5 Leave-One-Donor-Out

In this exercise, we remove with replacement one donor at a time from the donor pool and recompute
our six predictands of interest.
TSUS predicted effects in every period after liberalization (7;1).

Figure S.17: Time-specific unit-specific (TSUS) predicted effects in every period, Ti.
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Notes: The black solid line depicts the TSUS prediction for every country in the pre-treatment period and each of

the five periods after treatment. Gray-shaded areas highlight the area between the lower and upper value of 7;; when
leaving one of the donors out at a time.
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TAUS predicted effects, averaged over five vears (7;.).

Figure S.18: Time-averaged unit-specific (TAUS) predicted effects, averaged over five years, ;..
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Notes: The black solid line depicts the TSUS prediction for every country in the pre-treatment period and each of
the five periods after treatment. Black vertical bars highlight the area between the lower and upper value of 7.; when
leaving one of the donors out at a time.
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TSUA predicted effects, averaged over countries that liberalized in each of three waves: before

1987, between 1987 and 1991, and after 1991 (70,x, TQuk. TQ4k)-
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Figure S.20: Time-specific unit-averaged (TSUA) predicted effects in each period, averaged over three
groups of countries.
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Notes: The black solid line depicts the TSUA prediction in every period before and after treatment (up to five
years), averaged over all countries that liberalized in each of three waves: before 1987 (Botswana, Gambia, Ghana,
and Guinea), between 1987 and 1991 (Benin, Cabo Verde, Guinea-Bissau, Mali, South Africa, and Uganda), and
after 1991 (Burkina Faso, Burundi, Cameroon, Ethiopia, Ivory Coast, Mozambique, Niger, Tanzania, and Zambia).

Gray-shaded areas highlight the area between the lower and upper value of Tg ;1,5 = 1,2,3, when leaving one of the
donors out at a time.
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TSUA predicted effects. averaged over all liberalized countries (1ek).

Figure S.21: Time-specific unit-averaged (TSUA) predicted effect, averaged over all treated units, Tgy,.
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Notes: The black solid line depicts the TSUA prediction in every period before and after treatment averaged over all
the treated countries. Gray-shaded areas highlight the area between the lower and upper value of 7¢:+ when leaving
one of the donors out at a time.
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